Abstract. The Chern-Simons invariants of irreducible U (n)− flat connections on compact hyperbolic 3-manifolds of the form Γ\H 3 are derived. The explicit formula for the Chern-Simons functional is given in terms of Selberg type zeta functions related to the twisted eta invariants of Atiyah-Patodi-Singer.
Introduction
A gauge Chern-Simons theory is interesting both for its mathematical novelty and for its applications for certain planar condensed matter phenomena (such as the fractional quantum Hall effect) and for nonabelian gauge models in field theory. For example, the supersymmetric index can be computed in N = 1 super Yang-Mills theory in three spacetime dimensions with a Chern-Simons interaction at level k by making a relation to a Chern-Simons theory [1] .
Recently the Chern-Simons functional has been actively studied in low dimensional topology in connection with Floer homology [2] , where it was used as a Morse function. This functional has also been used in topological field theory, where the new topological invariants of oriented 3-manifolds and links in it were specified [3] . The topology of manifolds can be studied with the help of the path integral approach in quantum field theory, which suggests the asymptotic behaviour of invariants including the Chern-Simons invariant, eta invariant, Redemeister torsion, and so on [4, 5, 6, 7, 8, 9, 10, 11, 12] . Under such circumstances it is important to have an explicit formula for the Chern-Simons invariant.
The Chern-Simons invariants for the case of SU(2) and for some classes of 3-manifolds (including the Seifert fibered 3-manifolds) have been listed in [13, 14, 15] by cutting a 3-manifold into pieces for which Date: May, 1999 . First author partially supported by a CNPq grant (Brazil), RFFI grant (Russia) No 98-02-18380-a, and by GRACENAS grant (Russia) No 6-18-1997. the invariants can be computed. The formula for the Chern-Simons invariants of irreducible SU(n)−flat connection on the Seifert fibered 3-manifolds has been derived in [16] . In this paper we shall compute this invariant using the index theorem for a manifold with a closed hyperbolic boundary X Γ = Γ\H 3 .
The Chern-Simons invariant
In this section we briefly summarize the formalism that we shall use in this paper. Our goal is to present a formula for the U(n)-ChernSimons invariant of an irreducible flat connection on a closed hyperbolic 3-manifold. This invariant is defined by the Chern-Simons functional CS which can be considered as a function on a space of connections on a trivial principal bundle over a compact oriented 3-manifold X Γ given by
Let X be a locally symmetric Riemannian manifold with negative sectional curvature. Its universal covering X → X is a Riemannian symmetric space of rank one. The group of orientation preserving isometries G of X is a connected semisimple Lie group of real rank one and X = G/ K, where K is a maximal compact subgroup of G. The fundamental group of X acts by covering transformations on X and gives rise to a discrete, co-compact subgroup Γ ⊂ G such that X = Γ\ G/ K. If G is a linear connected finite covering of G, the embedding Γ ֒→ G lifts to an embedding Γ ֒→ G. Let K ⊂ G be a maximal compact subgroup of G, then X Γ = Γ\G/K is a compact manifold. Let g = k ⊕ p be a Cartan decomposition of the Lie algebra g of G. Let a ⊂ p be a one-dimensional subspace and let J = K G a be the centralizer of a in K. Fixing a positive root system of (g, a) we have an Iwasawa decomposition g = k ⊕ a ⊕ n. For G = SO(m, 1) (m ∈ Z + ), K = SO(m), and J = SO(m − 1). The corresponding symmetric space of non-compact type is the real hyperbolic space H m of sectional curvature −1. It's compact dual space is the unit m− sphere.
Let P = X Γ ⊗ G be a trivial principal bundle over X Γ with the gauge group G = U(n) and let A X Γ = Ω 1 (X Γ , g) be the space of all connections on P; this space is an affine space of 1-forms on X Γ with values in the Lie algebra g of G. The value of the function CS(A) on the space of connections A X Γ , A ∈ A X Γ , at a critical point can be regarded as a topological invariant of a pair (X Γ , χ), where χ is an orthogonal representation of the fundamental group π 1 (X Γ ) ≡ Γ.
Let A X Γ ,F = {A ∈ A X Γ |F A = dA + A ∧ A = 0} be the space of flat connections on P. An important formula related to the integrand in (2.1) is
Eq. (2.2) gives another approach to the Chern-Simons invariant. Indeed, let M be an oriented 4-manifold with boundary ∂M = X Γ . One can extend P to a trivial G− bundle over M; then Stokes' theorem gives
where A is any extension of A over M. Eq. (2.3) can be viewed as a generalization of the Chern-Simons invariant to the case in which P is a non-trivial U(n)− bundle over X Γ [16] . In fact we shall show that the Chern-Simons functional is well-defined modulo(Z/2) in the case of a U(n)− connection.
Invariants of closed hyperbolic manifolds
Let E χ = X ⊗ χ C n be a flat vector bundle, and let P be a principal U(n)− bundle over X Γ which is an extension of P. Any 1-dimensional representation χ of Γ factors through a representation of H 1 (X Γ , Z). It can be shown that for a unitary representation χ : Γ → U(n), the corresponding flat vector bundle E χ is topologically trivial (
For any representation χ : Γ → U(n) one can construct a vector bundle E χ over a certain 4-manifold M with boundary ∂M = X Γ = Γ\H 3 which is an extension of a flat vector bundle E χ over Γ\H 3 . Let A χ be any extension of a flat connection A χ corresponding to χ. The index theorem of Atiyah-Patodi-Singer for the twisted Dirac operator D Aχ [17, 18, 19] is given by
where h(0, O χ ) is the dimension of the space of harmonic spinors on
O χ is a Dirac operator on X Γ acting on spinors with coefficients in χ (for details see Appendices A and B).
The Chern-Simons invariants of Γ\H 3 can be derived from Eq. (3.1) as follows. For a closed manifold M we have
where ch 2 ( E χ ) is the second Chern character of E χ , which is expressed in terms of the first and second Chern classes:
The Chern character and the A− genus are given by
Thus we have
The integral over the four manifold M takes the form
and we have
For a trivial representation χ 0 one can take a trivial flat connection A ≡ A χ 0 ; then F Aχ 0 = 0 and for this choice we get
Using Eqs. (3.8) and (3.9) one can obtain
and
We are now able to use the formulae (C.3) and (C.6) of Appendix C for the eta invariant in Eq. (3.11). It follows that
(3.12) Finally the Chern-Simons functional takes the form
Concluding remarks
For an irreducible U(n)− representation formula (3.13) gives the values of the Chern-Simons invariants. This is the main result of the paper. The formula for the Chern-Simons functional involves a Selberg type zeta function Z(0, O χ ) associated with twisted eta invariants of Atiyah-Patodi-Singer [17, 20, 21] . In the case of a U(n)− connection this is a well-defined functional, modulo(Z/2). Note also that the explicit results (3.12) and (3.13) can be very important for the study of the relation between quantum invariant for an oriented 3-manifold, defined with the help of a representation theory of quantum group [22] , and Witten's invariant [3] , related to the path integral approach. We hope to return to this study elsewhere.
Appendix A. Dirac operators and the eta invariant
We recall in this section some standard material on Dirac bundles (for details see, for example, Ref. [23] ). Let M be an even-dimensional orientable Riemannian manifold with boundary ∂M ≡ Y and let E → M be a hermitian vector bundle equipped with a compatible connection ∇. Let Cℓ(M) denote the complexified Clifford bundle. We suppose that there is a bundle map from Cℓ(M) → End E which is an algebra homomorphism on each fiber and which covers the identity:
is commutative. Denote by S the spin bundles associated to the two half-spin representation of Spin(dimM); then S = S + ⊕S − where S ± are half-spin bundles. ∇ induces a connection on S⊗E which is compatible with both the metric and the Z 2 − grading. The latter connection canonically defines a Dirac operator D :
where M : [17] . Recall some standard material on the eta invariant of a self-adjoint elliptic differential operator acting on a compact manifold Y . For details we refer the reader to Refs. [17, 18, 19] where the eta invariant was introduced in connection with the index theorem for a manifold with boundary. To define a spectral invariant which measures the asymmetry of the spectrum Spec(O) of an operator O, one starts with next proposition.
is well defined for all ℜs ≫ 0 and extends to a meromorphic function on C.
Indeed, from the asymptotic behaviour of the heat operator at t = 0, Tr (O exp (−tO 2 )) = O(t 1/2 ) [24] and from the identity
it follows that η(s, O) admits a meromorphic extension to the whole s− plane, with at most simple poles at Milson's formulae have been extended by Moscovici and Stanton [21] to Dirac type operators (acting in non-positively curved locally symmetric manifolds), even with additional coefficients in locally flat bundles. We now present the main results obtained in [21] .
Let Y denote be a simply connected cover of Y which is a symmetric space of noncompact type, and let E denote the pull-back to Y for any vector bundle E over Y . Bundles which will be considered satisfy a local homogeneity condition. Namely, a vector bundle E over Y is G− locally homogeneous, for some Lie group G, if there is a smooth action of G on E which is linear on the fibers and covers the action of G on Y . Standard constructions from linear algebra applied to any G− locally homogeneous E give in natural way corresponding G− locally homogeneous vector bundles. In particular, all bundles T Y, Cℓ(Y ), End E ≃ E * ⊗ E are G− locally homogeneous [21] . We shall require also that all constructions associated with G− locally homogeneous bundles to be G− equivariant. For example, for each g in G the commutative diagram is
Let O denote a generalized Dirac operator associated to a locally homogeneous bundle E over Y . We shall require G− equivariance for ∇ the lift of ∇ to E and therefore the corresponding Dirac operator is then G− invariant.
The main results can be stated as follows.
Theorem C.1 (Moscovici and Stanton [21] ). The following function can be defined, initially for ℜ(s 2 ) ≫ 0, by the formula
where E 1 (Γ) is the set of those conjugacy classes [21] .
One can repeat the arguments of the previous sections to construct a twisted zeta function Z(s, O χ ).
Theorem C.2 (Moscovici and Stanton [21] ). There exists a zeta function Z(s, O χ ), meromorphic on C, given for ℜ(s 
